Recent spotlight synthetic aperture radar analyses predict the twodimensional range migration signature smears induced by targets with arbitrary motion in the ground plane. These investigations were limited to a constant-velocity radar motion with level flight path. The current correspondence removes this constraint by including the radar trajectory ascent angle.
I. INTRODUCTION
Recent analyses [1] - [6] investigate spotlight synthetic aperture radar (SAR) image signatures for ground plane targets moving with arbitrary motion for cases in which the radar trajectory has constant velocity on a straight and level flight path. In particular, Garren [1] determines the shape, extent, and position of the two-dimensional (2-D) central smear contour induced by a ground plane target with arbitrary motion for zero radar trajectory squint angle. Garren [5] , [6] relax the constraint of zero squint angle. In addition, the 2-D structure of the mover signature was predicted in [5] , including the smear width and interference effects.
These signature prediction equations yield excellent agreement with detailed SAR simulations. However, SAR collections can also be applied for geometries with an ascending or descending radar trajectory [7] . The current investigation extends the prior studies by relaxing the constraint of a level flight path so that the radar trajectory ascent angle relative to the ground plane can be nonzero. There is no constraint on the 3-D orientation of the platform, since the radar main beam can be steered toward the region of interest. The predictive signature capabilities of these analyses are valid for all SAR image formation methodologies [7] - [10] .
Many studies [11] - [15] investigate various issues pertaining to SAR moving target signatures. Some researchers [16] - [18] analyze moving target phenomenology using power series expansions of the motion-induced phase error. Jao [16] examines the signatures of constant velocity targets, which are related to range migration effects [19] , [20] . Duman and Yazici [21] analyze the signatures of piecewise constant velocity targets for bistatic collection geometries. Other references are provided in [5] and [6] and are not duplicated herein.
Section II gives the overall geometry and coordinates of the present analysis. Sections III and IV describe subaperture image computation and moving target smears, respectively. Section V compares the results with SAR numerical simulations. The conclusions are discussed in Section VI.
II. GEOMETRY AND COORDINATES
Define a set of fixed 3-D Cartesian coordinates with the origin {x, y, z} = {0, 0, 0} lying at the ground plane location at which the radar steers its main beam. This coordinate origin is the ground reference point (GRP). The coordinate z increases with altitude above the terrain, with z = 0 defining the ground plane. The coordinate x increases with ground downrange from the radar at the collection midpoint. The ground cross-range coordinate y completes the right-handed coordinates.
The radar transmits for a duration of T 0 between −T 0 /2 and T 0 /2. During this interval, the target moves within the ground-plane according to two arbitrary analytic functions of slow-time t in the ground downrange x and ground cross-range y directions as
The current investigation extends prior analyses [1] , [5] , [6] for cases in which the radar trajectory has a nonzero radar trajectory ascent angle λ relative to the ground-plane, as well as that of a nonzero ground-plane squint angle ϕ g . Fig. 1 shows the definitions of λ and ϕ g . In these graphics, the radar velocity vector V 0 is decomposed into perpendicular V ⊥ and parallel V components relative to the groundplane. It should be clarified that this radar trajectory ascent angle λ is not necessarily equal to the pitch angle of the radar platform fuselage relative to the ground-plane.
Define the following constant-velocity radar trajectory as a function of slow-time t:
Here, V 0 is the constant radar speed. Also, X 0 and Z 0 are the ground downrange and altitude, respectively, relative to the GRP at t = 0. The upper sign in (3) corresponds to a radar that is pointed to the right, and the lower sign corresponds to a radar pointing to the left. The squint angle ϕ g is defined from the broadside direction, such that positive values apply in the direction toward the radar velocity vector and negative angles imply the opposite direction. The ascent angle λ is defined so that a positive value gives a radar which is increasing in altitude, whereas a negative value implies a descending trajectory.
It is assumed that the platform steers the radar main beam toward the region on the ground to be imaged throughout the SAR collection. Such steering can be performed by either mechanical or electronic means. Thus, there is no need to explicitly model the 3-D orientation of the body of the radar platform with regards to the ground plane.
Define the time-dependent azimuthal and elevation angles, respectively, of the instantaneous radar position relative to the GRP via [5] 
The temporal frequency f is used to define the spatial frequency via ρ ≡ 2f/c, which facilitates the transformation from the spherical spatial frequency domain {ρ, ϕ, φ} to the Cartesian form [5] as follows:
Here, ξ and η are equal to the downrange and cross-range components of the spatial frequency, respectively.
III. SUBAPERTURE IMAGES
SAR imagery can be computed using [1] , [5] b(x, y) ≡
in terms of the kernel function
(10) Here, the imaginary constant is j = √ −1. In addition, ξ 0 is the central value of the ground downrange spatial frequency, and ξ and η are the full spatial frequency bandwidths in the downrange and cross-range directions, respectively. The function G(ξ, η) gives the radar return data, and the factor U (ξ, η) enables 2-D weighting for sidelobe control.
The moving target signature contour follows the spatial locations of image energy deposition in the synthesis of (9), as applied by Jao [16] . Corresponding subaperture images [1] , [5] can be computed viã
Here, η s is the central value of the cross-range spatial frequency for subaperture s.
IV. ANALYTIC PREDICTIONS
Analytic prediction of moving target signatures requires the slow time t in terms of ξ and η. The projection-slice theorem [7] implies that ϕ and φ of (5) and (6), respectively, of the 3-D spatial coordinates {x, y, z} are identical to that for the corresponding 3-D spatial frequency coordinates {ξ, η, ζ }, wherein ζ is the altitude spatial frequency. Thus, (5) has the following dual form:
Then, use of (2)- (4) gives
Therefore, the slow time t can be solved to yield
in terms of two constants parameters
In addition, the mean value of the slow time t for a particular subaperture s follows from (14) , i.e.,
The previous analyses [5] , [6] permit nonzero values for ϕ g but require zero values for λ. Comparison of (15) with that of these prior investigations reveals that the primary modification is the introduction of the factor 1/cos(λ) within the parameter κ 0 . Therefore, the analytic results of [5] can be extended to apply for nonzero λ via the parameter κ 0 of (15) .
Define the following parameters [5] :
The nth-order derivatives of the true target motion functions {α(t), β(t)} of (1) can be used to compute the corresponding {x, y} components of the instantaneous target position {μ 0 (τ s ), ν 0 (τ s )} and velocity
For the case of a uniform window in the frequency domain, the subaperture function (11) reduces to the form [5] 
in terms of the following functions:
This methodology predicts that the central contour of the SAR signature induced by a ground plane moving target for arbitrary λ and ϕ g . This locus is the location of energy deposition for a given subaperture image b s (x, y), which corresponds to the maxima of the two sinc functions in (19) . These maxima are obtained for zero values of the arguments of the two sinc functions, giving
The analysis proceeds by using (21) 
These equations give the size, shape, and location of the central contour of the smear induced by the moving target.
V. THEORY VALIDATION
The theory equations for nonzero ascent and squint are validated via comparison with the mover smears resulting from the SAR image formation process applied to simulated radar measurements. For the following example, the radar moves with constant speed on a straight flight path, with an aft squint angle of ϕ g = −35
• off of the starboard side and a descending radar ascent angle of λ = −20
• . The following radar parameters are used in (2)- (4): speed V 0 = 200 m/s, ground downrange X 0 = 30 km, and altitude Z 0 = 1 km.
The radar transmits linear frequency modulated chirp waveforms, e.g., [11] , with center frequency f c = 1.5 GHz, bandwidth f = 150 MHz, and waveform duration T f = 150 μs. Complex-valued I and Q data are measured over 1000 uniformly spaced frequency samples. The radar transmits 5000 waveforms over the collection time of T 0 = 15 s. In addition, this model adds a statistically independent, complex-valued Gaussian noise sample to each range bin [7] . For this example, the signal-to-noise ratio of the range profile measurements is approximately 40 dB.
A. Braking Target Motion
This example considers a constant heading target that undergoes a braking maneuver according to the position profile [6] α(t) = α 0 + cos(φ 0 ) v 0 t + w 0 γ 0 ln cosh ψ(t) Fig. 2(a) , with circles at 3-s intervals. The overall context of the target and radar is presented in Fig. 2(b) . Finally, The target speed is shown in Fig. 2(c) . Fig. 3(a) presents the 2-D structure of the signature smear induced by the braking target. For this figure and those that follow, the downrange axis is stretched relative to that in the cross-range dimension in order to clarify the detailed smear structure. In addition, this figure includes an overlay of the predicted signature contour. The specific location, extent, and shape of the predicted central contour is obtained by using (24) and (25), with the required derivatives of (18) obtained from (26) and (27). The resulting trace of the central contour is overlaid onto the polar format algorithm (PFA) [7] , [10] image formation result in Fig. 3(a) . Clearly, the predictions provide excellent agreement with the smear in terms of location, extent, and shape. Further insight is obtained by using (19) to coherently sum a large number of nonoverlapping subaperture IPRs. Fig. 3(b) applies 128 IPRs, with an overlay of the predicted central contour. The coherent synthesis in Fig. 3(b) agrees well with the image formation smear of Fig. 3(a) in terms of location, extent, and shape. In addition, there is good agree- ment in terms of the smear width and the self-interference structure. Fig. 4(a) presents the results of λ = −40 • , with all other parameters identical to that of the λ = −20
• case. The λ = −40
• smear does not cross itself, unlike the case of λ = −20
• , as explained later in this section. It is interesting to compare these results with the λ = 0
• case of a level flight path, as shown in Fig. 4(b) . This λ = 0
• signature more closely matches the λ = −20
• case than does the result for λ = −40
• . This apparent disparity is due to the 1/cos(λ) factor in geometric constant κ 0 of (15) .
It should be clarified that κ 0 of (15) has the same value if the sign of λ is changed, i.e., λ → −λ. Thus, an ascending radar ascent angle of λ = 20
• gives the same result as Fig. 3(a) , as is confirmed with direct simulation. In addition, the λ = 40
• case can be verified via simulation to give the same result as that of Fig. 4(a) .
The reciprocal of κ 0 has the unit of inverse time and can be understood as an angular rotation rate of the radar relative to the scene to be imaged. Thus, the introduction of a nonzero λ serves to decrease the effective sensor rotation rate by a factor of cos(λ). Thus, it is interesting to examine the effect of increasing the total collection time by the factor 1/cos(λ) in order to counteract this decreased effective rotation rate. Fig. 5 examines the case of λ = −40
• with an increased total collection time to be T 0 = 15 s/cos(−40
• ) while keeping all other parameters fixed. This figure reveals that the basic shape of the smear is identical to that of the zeroascent case of Fig. 4(b) , except that the overall extent is increased by the factor 1/cos(λ). This result is consistent with the increase in the extent of by 1/cos(λ) via the linear τ s
The reader can glean additional insight via an approximation of the target motion in Fig. 2 . Specifically, assume that Fig. 2(c) corresponds approximately to that of a constant-velocity target with speed v 0 for the initial 7 s, followed by a period of constant deceleration with magnitude v /{1 s} for the next second. The final 7-s portion is that of a constant-velocity target with a lower speed of v 0 − v .
The constant-velocity segment corresponding to the initial 7 s yields a parabolic shape. However, the target is executing this particular speed for only approximately one-half of the total collection time so that only about one-half of the full parabola is produced in the signature. The specific values of this first constant-velocity segment determine the parabolic apex location and half-width via (24) and (25), as well as the particular side of the parabola. The third motion segment corresponding to the lower speed gives the other half parabola.
The transition from the initial constant-velocity motion segment to the latter occurs over the relatively shorttime interval of 1 s. Thus, there is relatively little time for any significant range migration to occur. Therefore, an approximate straight line connects the apexes of the two half parabolas. The relatively short duration of this speed transition also implies that there is less imagery energy deposited so that the intensity is reduced in comparison to the two half parabolas of the signature.
The larger ascent angle example of Fig. 4 (a) yields an interesting signature in which the two half parabolas do not cross. This result follows since the two half parabolas that are obtained from (24) and (25) give a separation between the parabolic apexes, which is greater than the sum of the two half parabola widths. In contrast, the zero-ascent angle case of Fig. 4(b) yields a separation between the parabolic apexes, which is less than the sum of the two half parabola widths.
The specific collection parameters determine the value of κ 0 of (15), which then drives the signature contours per (24) and (25). The value of |λ| gives a corresponding increase in |κ 0 | via the 1/cos(λ) dependence. In addition, a larger |κ 0 | yields an increased cross-range offset via the κ 0 μ 1 (τ s ) term in (25), which gives an increased separation between the apexes of the half parabolas. For Fig. 4(a) , this apex separation is sufficiently large such that the half parabolas no longer intersect.
B. Turning Target Motion
The second example is based upon a target that is executing a turning maneuver, as described via [6] 
wherein the phase angle ω(t) is defined by • , and ρ 0 = 500 m. Fig. 6 (a) presents the true target trajectory corresponding to the turning motion to the left. The radar main beam is aimed starboard at ϕ g = −35
• . The radar parameters are that of Fig. 3(a) , corresponding to λ = −20
• . The prediction contour of Fig. 6 (b) reveals good agreement with the SAR image formation smear.
VI. CONCLUSION
This paper generates the signature morphology of ground plane targets that can have arbitrary motion in spotlight SAR imagery for cases in which the radar trajectory has an arbitrary orientation relative to the ground plane. That is, both the radar trajectory ascent angle relative to the ground plane and the squint angle relative to broadside are permitted to be nonzero. Various examples demonstrate that the signature prediction equations yield excellent agreement with simulations. This investigation reveals that a "family" of moving target smears can have the same shape but possibly different cross-range extents and offsets, as obtained by scaling the reciprocal of the cosine of the radar trajectory ascent angle.
This methodology yields the moving target signature as a sum of subaperture sinc functions for cases in which both the radar ascent and squint angles are permitted to be nonzero. These detailed signature effects can provide insight into the underlying target motion characteristics that occurred during a given SAR collection. For example, parabolic or hyperbolic signature shapes often indicate uniform target motion. The present theory predicts the detailed smear morphology effects resulting from SAR collections with actual measured data.
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